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Abstract. We study the Gauss-Manin connection for the moduli space of an 
arrangement of complex hyperplanes in the cohomology of a complex rank one 
local system. We define formal Gauss-Manin connection matrices in the Ao- 
moto complex and prove that, for all arrangements and all local systems, these 
formal connection matrices specialize to Gauss-Manin connection matrices. 



1. Introduction 

Let A = {Hi, . . . , H n } be an arrangement of n ordered hyperplanes in C , and 
let £ be a local system of coefficients on M = M{A) — C e \ U?=i the comple- 
ment of A. The need to calculate the local system cohomology H*(M; C) arises in 
various contexts. For instance, local systems may be used to study the Milnor fiber 
of the non-isolated hypersurface singularity at the origin obtained by coning the 
arrangement, see [HI IS] ■ In mathematical physics, local systems on complements of 
arrangements arise in the Aomoto-Gelfand theory of multivariable hypergeometric 
integrals El HQ an d the representation theory of Lie algebras and quantum 
groups. These considerations lead to solutions of the Knizhnik-Zamolodchikov dif- 
ferential equation from conformal field theory, see |21l I2ri| . Here a central problem 
is the determination of the Gauss-Manin connection on H'(M;C) for certain dis- 
criminantal arrangements, and certain local systems. 

A complex rank one local system on M is determined by a collection of weights 
A = (Ai, . . . , A„) £ C™. Associated to A, we have a representation p : tti(M) — > C*, 
given by jj t— » exp(— 2tt i Xj) for any meridian loop jj about the hyperplane Hj of 
A, and an associated rank one local system C on M. Parallel translation of fibers 
over curves in the moduli space B of all arrangements combinatorially equivalent 
to A gives rise to a flat, Gauss-Manin connection on the vector bundle over B 
with fiber H q (M; C). A number of authors have considered these Gauss-Manin 
connections, including Aomoto [I], Schechtman and Varchenko |21M23| . Kaneko |15| . 
and Kanarek |14j . 

For local systems which are nonresonant in the sense of Schechtman, Terao, 
and Varchenko [23! , the Gauss-Manin connection matrices for general position ar- 
rangements were found by Aomoto and Kita 2 , and Terao |22j computed these 
connection matrices for a larger class of arrangements. For such local systems, we 
determined these connection matrices for all arrangements in [7j. The aim of this 
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paper is to remove the nonresonance condition. We construct formal Gauss-Manin 
connection matrices in the Aomoto complex for all arrangements and prove that 
these formal connection matrices specialize to Gauss-Manin connection matrices. 

In Section [2 we review the stratified Morse theory construction of a finite 
cochain complex (K'(A), A*), the cohomology of which is naturally isomorphic to 
H'(M; C). This leads to the construction of the universal complex {K\, A*(x)) for 
local system cohomology, where A = C[xf 1 , . . . ^x^ 1 }. The Orlik-Solomon algebra 
A' is a finite dimensional complex vector space which models the cohomology of the 
complement with trivial local system, see [171 118) . The ordering of the hyperplanes 
of A provides the nbc basis for A' over C. Weights A yield an element a\ — 
^2 AjOj in A , and multiplication by a\ gives A' the structure of a cochain complex. 
The resulting cohomology H*{A* , a\) is a combinatorial analog of H m (M; £). The 
Aomoto complex (A Rl a y ) is the universal complex for Orlik-Solomon cohomology. 
Here, A * R is a free i?-module over A*, where R = C[yi, ... , y n }. 

In Section [3 we recall the moduli space of arrangements with a fixed combina- 
torial type T, following Terao |22- It is determined by the sets ind(T) and dep(T) 
of independent and dependent collections of I + 1 element subsets of hyperplanes 
in .Aoc, the projective closure of A in CP f . Let B(T) be a smooth, connected com- 
ponent of this moduli space. There is a fiber bundle it : M(T) — > B(T) whose 
fibers, 7r _1 (b) = Mb, are complements of arrangements Ah of type T. Since B(7~) 
is connected, Mb is diffeomorphic to M. 

The fiber bundle it : M(T) — > B(T) is locally trivial. Consequently, given a local 
system on the fiber, there is an associated vector bundle ir q : H q — > B(T), with 
fiber ( 7 r < ?)- 1 (b) = H q (M h ;C h ) at b G B(T) for each q, < q < t. The transition 
functions of this vector bundle are locally constant. Fixing a basepoint b G B(T), 
the operation of parallel translation of fibers over curves in B(T) in the vector 
bundle 7r 9 : H 9 — > B(T) provides a complex representation Wj- : 7Ti(B(T), b) — ► 
Autc(-ff ? (Mb; £b)). The loops of primary interest are those linking moduli spaces 
of codimension one degenerations of T. Such a degeneration is a type T' whose 
moduli space B(T') has codimension one in the closure of B(T). In this case, we 
say that T covers T 1 . Let j(T') G 7i"i(B(T), b) be such a loop. 

The representation gives rise to a Gauss-Manin connection. Let Vt q c (T' ,T) 
be a connection matrix associated to the loop j(T'). A key idea in this paper is to 
extract information about arbitrary arrangements using information about general 
position arrangements, of type Q, whose dependent set is empty. The moduli space 
B(G) of general position arrangements is the complement of a divisor D(Q) = [jj Dj 
in (C¥ e ) n . The components Dj of this divisor are irreducible hypersurfaces indexed 
by £+1 element subsets J of [n+1]. For each such J, let Qj denote the combinatorial 
type of arrangements with J as the only dependent set. 

Schechtman, Terao, and Varchenko |2()j . refining work of Esnault, Schechtman, 
and Viehweg jTH], found conditions on the weights which insure that the local 
system cohomology groups vanish except in the top dimension. These conditions 
depend only on the type T, so we call weights satisfying them T-nonresonant. Falk 
and Terao constructed a basis for the single nonvanishing cohomology group, 
called the /3nbc basis. The matrices Qc{GjtG) '■= Qc(Gj,G) were computed by 
Aomoto and Kita [2]. 

In [J], we determined Gauss-Manin connection matrices for all pairs of arrange- 
ment types in the nonresonant case. Let T be a combinatorial type which covers 
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the type T' . Let A be a collection of T-nonresonant weights which defines the 
local system C. Weights which are T-nonresonant are necessarily (J-nonresonant. 
Thus in this case, the only nonvanishing cohomology groups are in the top di- 
mension. Since these groups depend only on the combinatorial type, we write 
H e (T;C) — H l (Mb]£b) and its analog for the general position type. Define an 
endomorphism of H l (Q\ C) by 



E 

JGdep(T',T) 



Cl c (T',T)= V m j{T')-n c {9.j,Q). 



Here, raj(T') is the order of vanishing of the restriction of a defining polynomial 
for Dj to B(T) along B(T'), and dep(T, T) = dep(T') \ dep(T). In 0, we showed 
that there is a commutative diagram 

H e {G;C) ► H l (T-C) 

(1.1) \h c (T',T) \n c (T>,T) 

H e (G;C) ► H e (T;C) 

In particular, if P is the matrix of the surjection H e (Q; C) -» H (7~; C) in the respec- 
tive /3nbc bases, then a Gauss-Manin connection matrix flc(T',T) is determined 
by the matrix equation 

(1.2) P-Sl c (T',T) = fl c (T',T)-P. 

The aim of this paper is to generalize this result to arbitrary weights. For weights 
A which define a nontrivial local system C , the cohomology groups H q (Q; C) vanish 
for q < £. Thus, a statement similar to (11.11) in dimension q < £ is impossible. We 
solve this problem by lifting the Gauss-Manin connection to the Aomoto complex. 

The Orlik-Solomon algebra and the Aomoto complex depend only on the com- 
binatorial type, so we may label them accordingly. In Section^ we define for each 
subset S of hyperplanes an endomorphism Qs of A R (Q), the Aomoto complex of 
the general position arrangement. We show that these endomorphisms are cochain 
maps. In Sectional we generalize the notion of multiplicity to all subsets of hyper- 
planes and the notion of dependent sets to include sets of all sizes and denote these 
Dep(T). In analogy with Cl(T',T), we define 

cD(T',T)= Yl rn s {T')-Cos. 

SeDcp(T',T) 

In order to prove that the endomorphism cj(T', T) induces a cochain map w(T', T) 
on A' R (T), the Aomoto complex of type T, we show in Theorem 16.11 that this 
endomorphism preserves the subcomplex corresponding to the Orlik-Solomon ideal 
of this type. This provides the analog of i|l.l|) on the level of Aomoto complexes: 

(A R (G),a y ) ► (A R (T),a y ) 



i(T',T) 



■j(T>,T) 



(A R (g),Oy) ► (A' a (X),Oy) 

The horizontal maps are explicit surjections provided by the respective nbc bases. 
Given weights A, the specialization y i— > A in the chain endomorphism uj(T',T) 
defines endomorphisms uj q x (T',T) : A q (T) -> A q (T) for < q < i. In Section □ 
we prove the main result of this paper. 
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Theorem. Let M be the complement of an arrangement of type T and let £ be the 
local system on M defined by weights A. Suppose T covers T . Let tffl : K q —» 
H q (M,C) be the natural projection. Then there is an isomorphism T q : A q — » 
K q so that a Gauss-Manin connection endomorphism £1%(T' ,T) in local system 
cohomology is determined by the equation 

<p q o T q o uyx, r) = n q c (T\ T)o<p q o T q . 

The groups H q (M;C) are not known in general. When these groups can be 
calculated explicitly, our result yields a matrix equation analogous to ljl.2|l which 
determines a Gauss-Manin connection matrix. We use the nbc basis for A q and a 
suitable choice of basis for H q (M; £), see Section [S] for examples. 

2. Cohomology Complexes 

For an arbitrary complex local system £ on the complement of an arrangement 
A, we used stratified Morse theory in to construct a complex (K'(A), A'), the 
cohomology of which is naturally isomorphic to H'(M; £). We recall this construc- 
tion in the context of rank one local systems from 0] . 

Let A = (Ai,...,A„) e C" be a collection of weights. Associated to A, we 
have a rank one representation p : 7Ti(M) — > C*, given by p(jj) = tj, where t = 
(t\, ... ,t n ) £ (C*)™ is defined by tj = exp(— 2ir i Xj), and jj is any meridian loop 
about the hyperplane Hj of A, and a corresponding rank one local system C = 
Ct = C\ on M. Note that weights A and A' yield identical representations and 
local systems if A — A' £ Z™. 

We assume throughout that A contains £ linearly independent hyperplanes. Let 
J 7 be a complete flag (of affine subspaces) in C*, 

T : = T~ Y c f C f 1 C f 2 C • ■ ■ C f 1 = C e , 

transverse to the stratification determined by A, so that dim J- q (~\Sx = q—codimSx 
for each stratum, where a negative dimension indicates that T q D Sx = 0- For 
an explicit construction of such a flag, see |3J §1]. Let M q = T q fl M for each 
q. Let K q = H q (M q , M 9_1 ; £), and denote by A q the boundary homomorphism 
H q (M q , M 9 " 1 ; £) -> H q+1 (M q+1 ,M q ;£) of the triple (M 9+1 , M q , M 9_l ). The fol- 
lowing compiles several results from 0. 

Theorem 2.1. Let C be a complex rank one local system on M. 

1. For each q, < q < £, we have H l (M q , M* -1 ; C) = if i ^ q, and 
dime H q (M q , M« _1 ; £) = b q (A) is equal to the q-th Betti number of M with 
trivial local coefficients C. 

2. The system of complex vector spaces and linear maps {K* , A*), 

JfO^^^if^ > ^-1 K l f 

is a complex (A 9+1 o A q = 0). The cohomology of this complex is naturally 
isomorphic to H'(M; C), the cohomology of M with coefficients in £. 

The dimensions of the terms, K q , of the complex (K*, A') are independent of t 
(resp., A, £). Write A* = A*(t) to indicate the dependence of the complex on t, 
and view these boundary maps as functions of t. Let A = C[xf x , . . . 1 x^ 1 } be the 
ring of complex Laurent polynomials in n commuting variables, and for each q, let 
K\ = K® c K q . 
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Theorem 2.2 ( 4, Thm. 2.9]). For an arrangement A ofn hyperplanes with comple- 
ment M, there exists a universal complex (K\, A*(x)) with the following properties: 

1. The terms are free K-modules, whose ranks are given by the Betti numbers 
ofM,K q A ~A b i (A \ 

2. The boundary maps, A 9 (x) : K q A — > K q ^ x are A-linear. 

3. For each t £ (C*)" } the specialization xnt yields the complex (K* , A*(t)) 7 
the cohomology of which is isomorphic to H m (M; Ct), the cohomology of M 
with coefficients in the local system associated to t. 

The entries of the boundary maps A 9 (x) are elements of the Laurent polynomial 
ring A, the coordinate ring of the complex algebraic n-torus. Via the specialization 
x i — > t £ (C*) n , we view them as holomorphic functions (C*)™ — > C. Similarly, for 
each g, we view A 9 (x) as a holomorphic map A q : (C*) n — > Mat(C), t i-> A 9 (t). 

Recall the Orlik-Solomon algebra of A, A — A(A). It is the quotient of the 
exterior algebra on generators dj, for 1 < j < n by an ideal defined next. Given 
T = {ji, . . . , j q }, we call ii"^ n . . . (~1 iij the intersection of T. We call T dependent 
if the intersection of T is not empty and codim(_ffj 1 PI . . . D Hj ) < g. Define 
9 : A(y€) -> by d{l) = 0, 5^ = 1 and for g > 1 



The ideal 1(A) is generated by dax where T is dependent and ot where the inter- 
section of T is empty. 

Remark 2.3. The canonical graded algebra isomorphism H*(M, C) ~ A* (A) induces 
an isomorphism of vector spaces K q (A) ~ A q (A) for < q < I. This isomorphism 
is not canonical. 

Let cl\ — Y)j—i kj&j € A . Since a\a\ — 0, (A*,a\) is a complex. There is a 
universal complex for the cohomology, H'(A' ,a\). Let i? = C[yi,.. . ,y n ] be the 
polynomial ring. The Aomoto complex (A' R , a y ) has terms A q R = R®cA q ~ R b ^- A \ 
and boundary maps given by p(y) <g> 77 1— > ^2yjp(y) ® flj A 77. For A £ C™, the 
specialization y n A of the Aomoto complex (A' Rl a y ) yields the Orlik-Solomon 
complex (A',a\). The following result was established in 0]. 

Theorem 2.4. For any arrangement A, the Aomoto complex (A' Rl a y ) is chain 
equivalent to the linearization of the universal complex (AT*,A*(x)). 



Let T be the combinatorial type of the arrangement A of n hyperplanes in C e 
with n > I > 1. We consider the family of all arrangements of type T. Recall that 
A is ordered by the subscripts of its hyperplanes and we assume that A, and hence 
every arrangement of type T, contains t linearly independent hyperplanes. 

Choose coordinates u = (ui, . . . , u$) on C £ . The hyperplanes of an arrangement 
of type T are defined by linear polynomials /, = fe^o + T^j=i bi,j u j (i = 1, ■ ■ ■ ,n). 
We embed the arrangement in projective space and add the hyperplane at infinity 
as last in the ordering, H n +i- The moduli space of all arrangements of type T may 
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be viewed as the set of matrices 



fh,o 



(3.1) 



b = 



&2,1 



b n ,o b n \ 



V i 







b2.e 



/ 



whose rows are elements of CP , and whose {£ + 1) x (£ + 1) minors satisfy certain 
dependency conditions, see ^3 Prop. 9.2.2]. 

Given a subset / = {ii, . . . , ie+i} of [n + 1] := {1, . . . ,n,n + 1}, let A/ = A/(b) 
denote the determinant of the submatrix of b with rows specified by /. For any 
combinatorial type T, let ind(T) denote the set of all £ + 1 element subsets / of 
[n + 1] for which A/ ^ in type T. If T is realizable, ind(T) is the set of all subsets 
I for which {H^, . . . , Hi l+1 } is linearly independent in the projective closure of an 
arrangement A of type T. Similarly, let dcp(T) be the set of all i + 1 element 
subsets J of [n + 1] for which Aj = in type T. The moduli space of type T is 

{b e {CF e ) n | A/(b) ^ for / e ind(T), Aj-(b) = for J E dep(T)}. 

Let B(7~) be a smooth, connected component of this moduli space. Corresponding 
to each b 6 B(T), we have an arrangement „4 b , combinatorially equivalent to A, 
with hyperplanes defined by the first n rows of the matrix equation b ■ u = 0, where 
u = (l ui ■ ■ ■ uA . Let Mb = M(Ab) be the complement of .4b- Let 

M(T) = {(b, u) e (CP*) n x C e | b G B(T) and u 6 M b }, 

b. A result of Randell implies 



and define n T ■ M(T) B(T) by 7r r (b, u) 
that 7T T : M(T) -> B(T) is a fiber bundle, with fiber 7r^ x (b) = 
For each b G B(T), weights A define a local system 4 on Mb. 
B(T) is locally trivial, there is an associated vector bundle 7r 9 



M b . 

Since tt t : M(T) -> 
: H 9 — > B(T), with 



fiber (7r 9 ) _1 (b) = if«(M b ;£ b ) at b e B(T) for each g, < q < L The transition 
functions of this vector bundle are locally constant. Fixing a basepoint b £ B(T), 
the operation of parallel translation of fibers over curves in B(7~) in the vector 
bundle TT q : H 9 — > B(T) provides a complex representation 

(3.2) * q T : 7ri(B(T), b) — » Aut c (i^(M b ; £„)). 

By Theorem 12.11 the local system cohomology of M b may be computed using 
the Morse theoretic complex K'(Ab)- The fundmental group of B(T) acts by chain 
automorphisms on this complex, see 6, Cor. 3.2], yielding a representation 

r r : 7n(B(T), b) — » Aut c (if(A))- 

Theorem 3.1 ( K). T/ie representation ^ q T : m(B(T), b) -> Aut c (H 9 (M b ; £ b )) is 
induced by the representation tp^- : 7Ti(B(T), b) — •> Autc(i^*(-4b)). 

The vector bundle ir q : H q — > B(T) supports a Gauss-Manin connection corre- 
sponding to the representation (|3.2|l . Over a manifold X, there is a well known 
equivalence between local systems and complex vector bundles equipped with flat 
connections, see [51 ^J- Let V — > X be such a bundle, with connection V. The 
latter is a C-linear map V : £°(V) — > f 1 (V), where £ P (V) denotes the complex 
p-forms on X with values in V, which satisfies V(/cr) = adf + /V(cr) for a function 
/ and a e E°(V). The connection extends to a map V : £ P (V) -» ^ +1 (V) for 
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p > 0, and is flat if the curvature Vo V vanishes. Call two connections V and V on 
V isomorphic if V is obtained from V by a gauge transformation, V' — goVoj -1 
for some g : X — > Hom(V, V). 

The aforementioned equivalence is given by (V, V) h-> V v , where V v is the local 
system, or locally constant sheaf, of horizontal sections {a £ £°(V) | V(er) = 0}. 
There is also a well known equivalence between local systems on X and finite di- 
mensional complex representations of the fundamental group of X. Note that iso- 
morphic connections give rise to the same representation. Under these equivalences, 
the local system on X — B(T) induced by the representation W^- corresponds to a 
flat connection on the vector bundle ir q : H q — > B(T), the Gauss-Manin connection. 

Let 7 G 7Ti(B(T),b), and let g : S 1 — » B(T) be a representative loop. Pulling 
back the bundle ir q : H 9 — > B(7~) and the Gauss-Manin connection V, we obtain 
a flat connection <?*(V) on the vector bundle over the circle corresponding to the 
representation of 7Ti(S 1 ,l) = (£) = Z given by C 1 — * This vector bundle 

is trivial since any map from the circle to the relevant classifying space is null- 
homotopic. Specifying the flat connection <7*(V) amounts to choosing a logarithm 
of ^^-(7). The connection <?*(V) is determined by a connection 1-form dzjz ® 
f2^-(7), where the connection matrix ^^-(7) corresponding to 7 satisfies ^^-(7) = 
exp(— 27rif2^-(7)). If 7 and 7 are conjugate in 7Ti(B(T),b), then the resulting 
connection matrices are conjugate, and the corresponding connections on the trivial 
vector bundle over the circle are isomorphic. In this sense, the connection matrix 
is determined by the homology class [7] of 7. 

The loops of primary interest are those linking moduli spaces of codimension 
one degenerations of T. These are types T' whose moduli spaces B(T') have codi- 
mension one in the closure of B(T). Define a partial order on combinatorial types 
as follows: T > T' dep(T) C dep(T'). The combinatorial type Q of general 

position arrangements is the maximal element with respect to this partial order. 
Write T > T' if dep(T) C dep(T'). In this case we define the relative dependence 
set dep(T', T) = dep(T') \ dep(T). If T > T', we say that T covers T' and V is a 
codimension one degeneration of T if there is no realizable combinatorial type T" 
with T > T" > T. 

Lemma 3.2. Lemma 5.3] The moduli space B(T') has complex codimension 
one in the closure B(T) of the moduli space B(T) if and only if T covers T . 

Suppose T covers T 7 , and let 7 € 7Ti(B(T), b) be a simple loop in B(T) around a 
generic point in B(T'). Denote a corresponding Gauss-Manin connection endomor- 
phism for cohomology in the local system C by Q.jr(T' ,T). These endomorphisms 
are closely related to certain combinatorial analogs defined on the Aomoto complex. 



Let (A* R (Q), a y )) be the Aomoto complex of a general position arrangement of n 
hyperplanes in C . Let T = {ii, . . . , i q }. If order matters, then we call T a g-tuple 
and write T = (ii, . . . ,i q ) and ar — ■ ■ ■ ai q . Recall that H n +\ is the hyperplane 
at infinity, considered the largest in the linear order. In the formulas below, a set 
may contain the index n + 1 but a tuple may not. If T = (ii, . . . ,i q ) is a g-tuplc, 
1 < ik < n, then (j,T) = (j,i\, . . . ,i q ) is the (q + l)-tuple which adds j with 
1 < j < n to T as its first entry and Tk = . . . ,ik, ■ ■ ■ ,iq) is the (q — l)-tuple 
which deletes ik from T. We write S = T if S and T are equal sets. 



4. Formal Connections 
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Definition 4.1. Let S be an index set of size q + 1. Define an R-linear endomor- 
phism of the Aomoto complex, Cos : (A' R (Q),a y ) — > (A' R (Q),a y ), as follows. In the 
formulas below, T is a p-tuple, and 1 < j < n. 
If n + 1 ^S, 



ujg(aT) = < 

If n + 1 e S, 



V3 da (j,T) ifP = <l and S = (j, T), 
a y daT if p = q + 1 and S = T, 
otherwise. 



(a T ) 



-{Y.je[n\-TVj) a T tfP = q and S = T(j{n+l}, 

{-if^y^.T,) ifp = q,S= (j, T k ) U {n + 1}, and j $ T, 

{-l) k a y a Tk ifp = q + l and S = T k L){n + 1}, 

otherwise. 



Proposition 4.2. For every S, the map u>s is a cochain homomorphism of the 
Aomoto complex (A R (Q),a y j). 

Proof. Let S be an index set of size q + 1. Since u>g = for p ^ q, q + 1, to show 
that ojs is a cochain map, it suffices to check commutativity in the three squares 
indicated below. 

-^A R -\Q) A R {G) A R +1 (G) A R +2 (G)^ 

-^A R -\Q) -5L_ Ar {Q) ^(g) A| +2 (g) — > 

If n + 1 ^5, then we may assume that S = {1, 2, . . . , q + 1}. Otherwise 5 = 
{U, n + 1} and we may assume that t/ = {n — q + 1, . . . , n}. Since -<4Jj(C?) is free on 
the generators ax, we may work with these. 

In the first square above, we start with ax 6 A q R x . Since = 0, we need to 
show that Q q s (a y ax) = 0. 

Suppose n+1 S. Since T must be equivalent to a subset of S, we may assume 
that T = (3, 4, . . . , q + 1). Then Q q s (a y a T ) = j/ij/2(9ffl(i,2,T) + ^ a (2,i,T)) = 0. 

Suppose n + 1 £ S. Since T must be equivalent to a subset of {/, we may assume 
T = (n — q + 2, . . . , n). Then a y ax = + Di a (j,T)- We get 

n — q 

U) q s (a y a T ) = ^2yjUs( a U,T)) +yn-q+lU> q S ( a (n-q+l,T)) 



n—q 



(-l) 2 yn-9+l%a(n-g+lj\T) 2 + ^(-l)j/jJ/ n -9+lO0-,n-g+l,T)i = 0. 



In the second square we start with ax S A q R . 

Suppose n+1 S. Since T must be equivalent to a subset of S, we may 
assume that T — (1,2, ... ,q). Then Q q s (ax) — y q +i da^ q+ \ t x) and a y Cj q s (ax) — 
Vq+i a y da( q+1 T y The only nonzero term in ujg +1 (a y ax) is uj q s +1 (y q+ ia^ q+ i T )) = 
a yda^ q+1 T ), so the assertion holds. 

Suppose n + 1 g 5. If T = U, then w|(aT) = (— l) 1 (Sj=i %) a (j,T)i an d 
a y w|(a T ) = -(E"=i 9 ^) a y a T- Also, a y a T = ^"=i 2/j%\T)> so w| +1 (a y a T ) = 
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~(Y^j=i Vj) a y a T as required. If T ^ U, then we may assume that T = (n — q,n — 
q + 1, . . . ,n - 1). Then uj q s (a T ) = (-l) 2 y n a( n ,T) 2 so a y u q s (a T ) = y n a y a( n ,T) 2 - On 
the other hand, there is only one term in a y ax on which oj q s +1 is nonzero, namely 
y n a n aT- Since Ldg +1 (y n a^ lt T)) — 2/n%&(n,T) 2 > the assertion holds. 

In the third square we start with ar S -Aft" 1 - Since <I>| +2 = 0, it suffices to show 
that a y w| +1 (aT) = 0. For any S, this follows from a y a y = 0. □ 

Remark 4.3. The map u)g is given by geometric considerations in [2*1 1221 IT%| . There 
are many possible lifts which make ujs a cochain map. However, if we require 
that ujg +1 (aT) — unless T is related to S as indicated in the definition, then the 
lift is unique. 

A collection of weights A = (Ai,...,A„) is C?-nonresonant if A-, ^ Z>o and 
— ^Zj—i Aj ^ Z>o- The /3nbc basis for the unique nonvanishing local system co- 
homology group H e (Q; C) consists of monomials t]k = Afc t • • • \k e a,K, where K — 
(fcx, . . . , kg), 2 < k\ < ■ ■ • < ki < n. In this basis, the Gauss-Manin connection is 
given by d\og Dj (gi flc(Gj, G), where the sum is over all I + 1 element subsets J 
of [n + 1]. The connection matrices £lc(Gj,G) were computed in |18j . recovering a 
result of Aomoto and Kita [2]. 

For J C [n + 1], let &j(X) be the specialization y t— > A of the endomorphism ujj. 

Proposition 4.4. If A is a collection of G -nonresonant weights, then for each 
I + 1 element subset J of [n + 1], the Gauss-Manin connection matrix £lc{Gj, G) is 
induced by the specialization a)j(A) of the endomorphism luj. 

Proof. For ^-nonresonant weights A, the projection A l {G) -» H l {G\ C) is given by 
a K i-> - ij K if 1 ^ X and a K ^ 3— — V" ?7(i,x') if if = (1, K'). 

Mi ■ ■ ■ *k e *ki ■ • • Ak t ~~~ 

For an i + 1 element subset J of [n + 1], a calculation with this projection and the 
endomorphism ^j(A) yields the result. □ 



5. Degenerations 

For a combinatorial type T ^ G, the Orlik-Solomon ideal I(T) gives rise to a 
subcomplex I R {T) of the Aomoto complex A' R (G), with quotient A' R (T). In order to 
prove that the endomorphisms w(T', T) on induce endomorphisms T) 

on AJj.(T), we must show that they preserve this subcomplex, £j(T' ,T)(I R (T)) C 
I R (T). This fact is established in the next two sections. 

Definition 5.1. Given S C [n + 1], let Ns(T) = Ns(b) denote the submatrix of 
with rows specified by S. Let rank Ns(T) be the size of the largest minor with 
nonzero determinant. Define the multiplicity of S in T by 

m s (T) = \S\ -rank7V s (T). 

This definition agrees with an interpretation of multiplicity given above for S 
with \S\=£+1. For 1< q < n + 1, let 

Dep(T) g = {{jx, ...,j q }\ codim^ n . .. D H jq ) < q}. 
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The set dep(T) defined above is Dep(7>+i. Let Dcp(T) = U g Dep(T) 9 . If T > T 
we define Dep(T', T) = Dep(T') \ Dcp(T). Let 

u)(T)= rn s (T)-w s and w(T',T) = V m s (T')-u s . 



For the remainder of the paper, we fix T and assume that T' is a codimension one 
degeneration of T. Since the Aomoto complex has dimension £, only |5| < I + 1 
can contribute to the maps w(T',T). A circuit is a minimally dependent set of 
hyperplanes. A generating set for I(T) is obtained from the collection of circuits 

Of Aoo- 

Fix a circuit T G Dep(T) with |T| = q+1. If T = {U, n+1}, then the hyperplanes 
of T meet at infinity in „4oo, so the hyperplanes of U have empty intersection in A 
and ajj is a generator of I(T). If n + 1 G - T, then dax is a generator of /(T). Let 



Note that r T G ^j(S)- We refer to S G Dep(T',T) as T-relevant if a) 5 (r T ) ^ 0. 
For such S 1 , we have |S|=<7or|5|=g + l. The next observation follows from the 
definition. 

Lemma 5.2. Let T be a q-tuple and let S be any set. If \T PI S\ < q — 1, then 
^s(ar) = 0. 

Terao [22] classified the three codimension one degeneration types in the moduli 
space of an arrangement whose only dependent set is the circuit T. In Type I, 
\S fl T| < q — 1 for all S G Dep (T',T). By Lemma [5.21 these degenerations are 
not T-relevant. In the description of the remaining two types we use the symbol 
T™ = T p U {m} for 1 < p < \T\ and m £ T. 

II: {T™ \m^T} for each fixed p, 1 <p < |T|, 
III: {T™ 1 < p < \T\} for each fixed m ^ T. 
If q = 1 , then Type II does not appear. 

Lemma 5.3. Let T be a set of cardinality q+1. IfTi, Tj G Dep(T) for i ^ j , then 
T l e Dep(T) for alii, l<i< q+1. 

Proof. Without loss, assume that T\,Ti G Dep(T). Then there are nonzero vectors 
ol = (0, a2, c*3, . . . , otq+i) and (3 = 0, /?3, . . . , /3 g +i) which are annihilated by the 
rows of the matrix indexed by T\ and T2 respectively. If cti = for some 

i 7^ 1,2, then a is annihilated by the rows corresponding to Ti, hence Ti G Dep(T). 
If c\i ^ 0, then ctif3 — PiO. is a nonzero vector annihilated by the rows corresponding 
to T h hence T z G Dep(T). □ 

Proposition 5.4. Let T G Dep(T) 9+ i be a circuit. Then there is at most one 
j eT so that Tj G Dep(T', T). 

Proof. We may assume that T = {1, . . . , q + 1}. Then T { = T\ {i}. Since T is 
a circuit, Tj is independent in type T for each i G T. Since T is the type of an 
arrangement which contains I linearly independent hyperplanes, there exists a set 
J C [n] of cardinality ^ — q so that Ti U J U {n + 1} is independent in T. We assert 
that Ti U J U {n + 1} is independent in T for all i G T. 



SeDop(T) 



seDop(T',r) 




au- if T = {[/, n + 1}, 
da T if n + 1 T. 
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Suppose otherwise. If, for instance, T ? +i U JU{u + l} G Dep(T), then there are 
constants at, [3j, £, not all zero so that 

q 

(5.1) J2 a ^ + J2 fc b i + £ b »+! = °' 

i=i je.J 

where b^ denotes the A;-th row of the matrix Q3.1[l . Since T is a circuit, there are 
constants (k ^ so that bi = X^fSCfcbfc. Substituting this expression in (|5.1(l 
yields a dependence on the set T\ U J U {n + 1}, which is a contradiction. 

Let S = TU JU{n+l}. Then Si is independent in type T for each i, 1 < i < q+1. 
Since T 1 is a codimension one degeneration of T, if T 6 Dep(T'), then B(T') is 
locally defined by the vanishing of As 4 in B(T). If Tj G Dep(T') for j ^ i, then by 
Lemma 1531 Tj. G Dep(T') for every k. So, as above, B(T') is locally defined by the 
vanishing of As k in B(T) for every k, 1 < k < q + 1. We will show that this is a 
contradiction by exhibiting a point in B(T) for which As x vanishes but A$ k does 
not vanish for k ^ 1. 

Assume that J = {g + 2, . . . , I + 1}. Then B(T) contains points of the form 



( 


h 


\ 





V 











If.-q 


F{t) 


G(t) 


H(t) 


V i 





o y 



where 1^ is the k x k identity matrix, v — (t 1 • ■ • l) , and the submatrix 
(F(t) G(t) H(t)^j is chosen so that b(t) satisfies the dependence and indepen- 
dence conditions of type T for each nonzero t. The point b(0) is in B(T), and for 
1 < k < q+ 1, A 5fe (b(0)) vanishes only for k = 1. Thus, if T U T 3 E Dep(T'), there 
is a realizable type T" such that T > T" > T', and T' is a degeneration of T 
which is not of codimesion one. □ 

This result shows that Dep(T', T) q has no T-relevant element unless T has a 
codimension one degeneration of Type II. In this case, there is a unique p so that 
T p is the only T-relevant element in Dep(T', T) q . It remains to consider T-relevant 
5e Dcp(T',T) 9+ i. 

Lemma 5.5. Let T G Dep(T) g+ i be a circuit. If all T-relevant S G Dep(T', T) q+ i 
belong to a family of a single type, then ms(T') = 1 for each such S . 

Proof. We may assume that T — {U, n + 1} where U — {1, . . . , q}. Suppose the 
degeneration is of Type II so {U, k} G Dep(T',T) g+1 for some k G [n] — U. We 
argue by contradiction. If m^u^(T') = 2, then in type T there are two linearly 
independent vectors a — (ai, . . . , a q , ctk) and (3 = (Pi, . . . , /3 q , (3^) which are anni- 
hilated by the rows of jOJ specified by {U, k}. If a x = 0, then {Ui, k} G Dep(T'). 
Since {U, n+ 1} is a circuit in T, and {Ui,k} ^ Dep(T) by Proposition 15.41 we 
have {Ui, k} G Dep(T', T) and hence {Ui,k, n+ 1} G Dep(T', T). This contradicts 
the assumption that all T-relevant sets S belong to a Type II family. If a\ ^ 0, 
then we use it to eliminate (3\ and find the same contradiction. 

If the degeneration is of Type III, we may assume that {fi,p, n+1} G Dep(T', T) 
with p G [n] — U. Assuming that rn^u i p n+1 y(T') = 2 leads to a similar argument. 
We consider the coefficient a n +\ and conclude that {Ui,p} G Dep(T', T) and hence 
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{U,p} € Dep(T',T). This contradicts the assumption that all T-relevant sets S 
belong to a Type III family. □ 

Lemma 5.6. Let T G Dep(T) 9+1 be a circuit. Suppose T gives rise to codimension 
one degenerations of both Type II and Type III. Then the Type II family is unique. 
For each Type III family there is a unique [n + 1] — T so that {Ti,p} is in both 
families. We call {Ti,p} the intersection of these families. Moreover, m/^ p y (T') = 
2 for each intersection and ms{T') = 1 for all other T-relevant S in these families. 

Proof. We may assume that T = {U,n + 1} where U = {1, . . . , q}. If T gives rise 
to a Type II family, then it is of the form {{U,k} \ k € [n] — U}. By Proposition 
15.41 there is a unique j for which Tj G Dep(T') 9 . We may assume that j = q + 1 so 
that T q +i = U G Dep(T'). If T gives rise to two different families of Type II, then 
also some {Ui, n + 1} G Dep(T') contradicting Proposition ^. 41 

Suppose there is also a Type III family involving T. (There may be several Type 
III families involving T, but it will be clear from the proof that we may consider one 
Type III family at a time.) Let {U,p} be the intersection of the given Type II family 
and this Type III family. We show first that TO{ t / jP }(T') = 2. Since U G Dep(T', T), 
it suffices to prove that row p is a linear combination of the rows specified by U in 
(|3.1I) . Since {U, n+1} G Dep(T), there is a vector a — (ai, . . . , a q , 0) which is 

annihilated by the rows { U, n + 1 , p] of (|3.1|l . Since { U, n + 1 } is a circuit , all ^ . 
This dependency holds also in type T', Since {U\,p,n + 1} G Dep(T'), we also 
have a vector (3 = (0, (3%, . . . ,[3 g , /3 n +i, (3 V ) annihilated by the rows {U, n + l,p} of 
(13.111 in type T' . We claim that (3 P ^ 0, for otherwise we would have {Ui, n + 1} G 
Dep(T',T), contradicting Proposition 15.41 The vector (3 n+ iat — a n+ i(3 provides 
the required dependence. Hence, m^[j p y(T') > 2. Assuming that m{u p }{T') > 2 
contradicts Proposition l5.4l 

The fact that the other multiplicities in these families are 1 is established as in 
the proof of Lemma 15.51 □ 

Theorem 5.7. The endomorphism lj{T',T) satisfies lu{T \T)(I' R (T)) C I' r {T) if 

and only if for each K C [n] and each circuit T G Dep(T), we have ^2 Cosi^RrT) G 
I R (T) where the sum is over T-relevant S in a single type of codimension one 
degeneration involving T. 

Proof. This is clear if T is involved a single type. If more types appear, then Lemma 
15.61 shows that each S is the intersection of at most two types. Furthermore, all 
such intersections have multiplicity 2, so the corresponding S may be considered 
individually in their respective types, each time with multiplicity 1. □ 

6. Ideal Invariance 

Theorem 6.1. If T covers T , then Q(T' ,T){I R {T)) C I' R {T). 

Proof. It follows from Theorem 15 . 71 that we may argue on the different types inde- 
pendently. It suffices to show that for every circuit T G Dep(T), every A:-tuple K, 
and every degeneration T of T, we have u(T'){aKrT) G J^T). There are several 
cases to consider because the generators of the ideal are defined in terms of affinc 
coordinates, while the natural action of the symmetric group on the hyperplanes is 
in projective space. Note that n + 1 K and we agree to use the same symbol for 
the underlying set. Similarly, if L is a set which does not contain n + 1, then we 
write L for the corresponding tuple in the natural order. 
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The following identity will be useful in several parts. If J C [n], then 

y m a m )da,j = Dm)a>J- 

Case 1. In this case, T G Dep(T) is a circuit with n + leT. 

In this instance, T = {U, n+ 1}, and we may assume that U = {n — q+ 1, . . . , n}. 
First assume TcSe Dep(T'). Clearly, {K, T} G Dep(T'). Let L = [n] \ (K U U). 
We get 

Q {K^U,n+i}( aKa u) = -(£2yj)a K au- 

For every j G K, {Kj,T} G Dep(T'). Here 

^\% q jT ^{a K au) = {-l) j a y a Kj au. 
Similarly, for every j G K and every m £ L, {i4T™,T} G Dep(T'). Here 

< ^{if" 1 .C/,n+l}( aA ' a t / ) = a mO,Kjau. 

In the remaining parts of this case, we may assume that T <£_ S for S G Dep(T'). 

Case 1.1. If\Sn{K,U}\ < k + q-1 for all other S G Dep(T'), then we are done by 
Lemma ICT If there exists S G Dep(T') with |5 n {K, U}\ > k + q - 1 and T </_ S, 
then S = {K, T™} with m G [n + 1] \ T. The classification implies that T™ is in 
one of the remaining two types and all the other members of that type must also 
be in Dep(T'). 

Case 1.2. Suppose T™ belongs to Type II. Then p is fixed. If p ^ q + 1, then we 
may assume that p = 1. Thus Dep(T') contains S m = {m,K, Ti} for all m G T. 
Since every S TO contains F = {if, Ti}, we conclude that F G Dep(T'). Here 
w£ +9 (aR-at/) = (-l) fc+1 a y aifaai and ib^(aKau) = (-l) fe y m a m OKO ( 7 1 . Thus 

(w£ +9 + &s^){ a Kau) = -Vn-q+iaxau- 

If p = q + 1, then Dep(T') contains = {m, X, [/} for all m G T. Since every 
SVn contains T 1 = {if, [/}, we conclude that F G Dep(T'). Here £D^, +9 (aif ajj) = 
a y d(a K au) and u) s ^{a K au) = Vmda^KV) = Vm^K^u ~ y m a m d(a K au). Thus 

(ujp +q + ^2 u s ^){aKau) = (^2 Vj) a Kau- 

Case 1.3. Suppose T™ belongs to Type III. Then Dep(T') contains for some fixed 
m G L the sets S p — {m,K,T p } for all p with 1 < p < q + 1. If p ^ q + 1, 
then w^'faKflc;) = (-l) fc+p+1 2/ma(m,/f,;y) fc+ p + i = (-l) fc+p+1 yma m aKa;7 p . Thus 
£p=i^,Sp 9 ( a -K' tf) = {-^) k ymamO-Kdau. li p = q + 1, then ^^^(oR-aa) = 
Vmda^ra.K.u) = y m a K a v - y m a m (da K )au + (-l) k+1 y m a m a K dau. Thus 

9+1 

^S-^"^ (a/^ac/) = y m (a K - a m da K )a v . 

p=i 

This completes the argument in Case 1. 
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Case 2. In this case, T £ Dep(T) is a circuit with n + 1 G - T. 

In this instance, we may assume that T = {1, . . . , q + 1}. We note that ax = 
ai{da T ) £ I(T) and hence d(a K a T ) £ I(T). First assume T C S £ Dep(T'). 
Clearly, {K,T} £ Dep(T) and we have 

ui k { + q T} (a K da T ) = 53(-l) J_1 w^ r} (airaTj = ' !h i)n ■ 

= (-l) k (£y j )d(aKa T ). 

For j £ K, {Kj,T} £ Dep(T'), but Q k + q . T} (a K da T ) = 0. Let L = [n] \ (KUT). 
For every j £ K and every m £ L, {KJ 1 , T} £ Dep(T'), but only to = ?i + 1 gives 
a nonzero term: 



^{XV.n+i}^' 9071 ) = (- 1 ) k C^2 y ^ ai{ i aT - 

In the remaining parts of this case, we may assume that T (£ S for S £ Dep(T'). 

Case 2.1. If \S n {#,T,,}| < k + q - 1 for all other 5 £ Dep(T') for all j, then we 
are done by Lemma IO IfT<£S, then T™ G Dep(T') with to € [n + 1] \ T. 

Case 2.2. Suppose T™ belongs to Type II. Then p is fixed and we may assume that 
P = q + 1. Thus S m = {m, K,T q+1 } £ Dep(T') for all m T. S ince every S m 
contains F = {K, T q+ {\, we conclude that F £ Dep(T'). We have 

ujp +q (a K da T ) = (-l) q a y d(a K a Tq+1 ). 

Since T q+1 £ Dep(T'), we also have {Kj, T q+1 , n + 1} G Dep(T') for all j £ K. 
Kere u k p. ^ +un+1} (a K da T ) = (-l) q+J a y a Kj a Tq+1 . Thus 

£ a jK*T« + i,n+i}( a *&*r) = (-l) 9+1 a y (da K )aT g+1 . 

If to ^ n + 1, then ^^(8^^) = (-l) 9 i/ m 9(a mi K i T, +1 )- Note that to g T by 
the classification and to G" if follows from the expression. Thus to G L and we get 

m £ L m(E:L 

Consider m = n+l. We have u} k p q n+1} (a K da T ) = Y%ti{-l) p ~ 1 &{t'!'n+i}( aKaT p')- 
For p ^ g+1, w*+* +1} (0K-aTp) = (-l) p+ %aA-a T<!+1 and W|^ i+1} (a K o Tg+1 ) = 
-(E p ^ut, +1 V P )aKa Tq+1 . Thus 

^* +1} (ajr5a T ) = (-1)« +1 ( ^ y 3 )a K a Tq+1 . 

je[n]\K 

Similarly, for every j £ K and s £ L, {Kj, Tq+i, n + 1} G Dep(T'). Here 
(I; {J| ) T, +1 ,n+i}( a ^ a T P ) = (-l) q+J+1 ysa s a Kj a Tq+1 . Thus 

Z Z ^{i|,T 9+1 ,r 1+ i}( a A-aT p ) = (-l) 9 (^ 2 / s a s )(aaK)a T<!+1 . 

sGLjeK seL 



GAUSS-MANIN CONNECTIONS FOR ARRANGEMENTS, III 



15 



Summing over all dependent sets in Type II, we must compute ^(aKdar), where 

£_ ~k+q . ~k+q . ~ k+q . ~ k+q . ~ k+q 

t-UJ F w { i^, Tg+1 ,„+l} + 2^ W {m,F} + W {f,n+1} + 2^ 2^ W {^,T g+1 ,n+l}- 

j£K m£L s£LjeK 

We get 

£(a K da T ) = (-l) q a y d(a K a Tq+1 ) + (~l) q+1 a y (da K )a Tq+1 

+ y™d{a m ,K,T q+1 ) + Vj) a KaT q+1 

m£L je[n]\K 

seL 

= (- 1 ) ? ( Vj+^Vm- yj) a K a T q+1 

j£KUT q+1 m£L je[n]\K 

Urn Q>m 

+ (- 1 ) q (- Y y i a 'J + y™a m )(da K )aT q+1 

je[n]\T q+ i m£L 

= {-^) q+1 Vq+i[aKa Tq+1 - a q+1 d{a K a Tq+1 ) + a q+1 (da K )a Tq+1 ] 
= -Vq+\aKda T . 

Case 2.3. Suppose T™ belongs to Type III. Then Dep(T') contains for some fixed 
m ^ T the sets S p = {m, K, T p } for all p G T. + then 

YQj^ q (aKda T ) = ^](-l) p_1 )/ m 9(a m ajfaT p ) = y m (a K - a m da K )da T . 

For m = n + 1 , we need the formulas 

~k+ q , x f(-l) p+s_1 y s aKaT p ifs^p, 

{ * " + 1 i-(Ej 6 [n]\{Jf,T p } VjWa Tp if S = P- 

We get u k { + q Tp n+1} (a K da T ) = (-l) p {J2 3 e[n]\K Vj)aKa Tp . Thus 

Z) C {?T p ,*fi}( a * a °T) = -( 51 V]) a Kda T . 

per je[n]\K 

This completes the argument in Case 2, and hence the proof of Theorem 16. II □ 

7. Gauss- Manin Connections 

Recall the vector bundle Tr q : H« -> B(T), with fiber (7r 9 )- 1 (b) = ff 9 (M b ; C b ) at 
b £ B(T) for each q, < q < I and its Gauss-Manin connection defined in Section 
13 In this section we investigate this connection and a combinatorial analog. 

Let A q — > B(T) be the vector bundle over the moduli space whose fiber at b is 
A q (Ab), the g-th graded component of the Orlik-Solomon algebra of the arrange- 
ment ,4b- The nbc basis provides a global trivialization of this bundle. Given 
weights A, the cohomology of the complex (A'(Ab), a\) gives rise to an additional 
vector bundle H q (A) — > B whose fiber at b is the g-th cohomology group of the 
Orlik-Solomon algebra, H q (A'(Ab), a\). Like their topological counterparts, these 
combintorial vector bundles admit flat connections, which we call combinatorial 
Gauss-Manin connections, see §5]. 
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Theorem Ifi. II implies that we have a commutative diagram of cochain complexes 



(A' R (g),ay) - 

(A R (G),a y ) - 



(A' R (T),a y ) 

<»(T',T) 

{A' R {T),a y ) 

— » A R (T) is the projection 



(I R (T),a y ) — 

where I : I R {T) — ► AJj(^) is the inclusion, p : A* R {Q) 
provided by the respective nbc bases, and oj(T',T) is the induced map. Given 
weights A, the specialization y i— » A in the chain cndomorphism cj(T',T) defines 
endomorphisms w q x {T' ,T) : A q (T) -> A q (T) for < q < i. 

Theorem 7.1. Let M be the complement of an arrangement of type T and let C 
be the local system on M defined by weights A. Suppose T covers T'. 

1. Let p q : A q -» H q (A' (T),a\) be the natural projection. Then a combina- 
torial Gauss-Manin connection endomorphism f2^(T',T) in Orlik- Solomon 
algebra cohomology is determined by the equation 

p q ou;l(T>,T) = nUT>,T)op q . 

2. Let <j) q : K q -» H q (M,C) be the natural projection. Then there is an iso- 
morphism T q : A q —> K q so that a Gauss-Manin connection endomorphism 
n q c (T' , T) in local system cohomology is determined by the equation 

<P q o T q o oj{ (T' , T) - n* (T' , T) o <p q O r q . 

Proof. For T-nonresonant weights, it is known that H q (Mb; Cb) — H q (A* (At) , a\) 
for all q [201 ■ Moreover, a Gauss-Manin connection matrix Hj.(T',T) — Cq.(T',T) 
in the /3nbc basis for the unique nonvanishing local system cohomology group is 
induced by the endomorphism tlc(T', T) of the top cohomology of the complement 
of a general position arrangement by |3 Thm. 7.3], see also l|1.2ll . In turn, (lc(T',T) 
is induced by the specialization uj\(T',T) of the endomorphism cD(T',T) of the 
Aomoto complex of a general position arrangement, see Proposition 14.41 Hence, it 
follows from Theorem lS.ll that il l c (T' , T) is induced by the specialization uo\{T' , T) 
of the endomorphism w(T', T) of the Aomoto complex of type T. 

Thus for T-nonresonant weights, the endomorphism w(T',T) induces both the 
Gauss-Manin connection matrix and its combinatorial analog in the /3nbc basis. 
Since u>(T' , T) is a holomorphic map in the variables y and the set of T-nonresonant 
weights is open and dense, w(T', T) induces a Gauss-Manin connection endomor- 
phism for all weights in cither cohomology theory. □ 

8. An Example 

Let T be the combinatorial type of the arrangement A of 4 lines in C 2 depicted 
in Figure^ Here B(T) is codimension one in (CP 2 ) 4 = B(C?). 

12 3 



A 2 






Figure 1. A Codimension One Arrangement and Three Degenerations 
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For T-nonresonant weights A, Gauss-Manin connection matrices £l 2 c (T' , T) were 
determined by Terao [221 EE] • These calculations were recovered in |Jj , and may 
also be obtained using the methods of this paper. 

For a nontrivial resonant local system C on the complement M of A, we used ad 
hoc methods in 6, §6] to determine a Gauss-Manin connection matrix ^("T^, T), 
where T2 is the combinatorial type of the codimension one degeneration Ai of A 
shown in Figure^ The results of the previous sections may be used to obtain these 
connection matrices for all codimension one degenerations. We illustrate this by 
means of representative examples. 

The universal complex (if*,A*(x)) and Aomoto complex (A' R ,ay) of A are 
recorded in §6.1]. In particular, the coboundary maps A 1 (x) 
a 



A 1 



A R have matrices 



A 1 = A x (x) = 



K\ and 



and 



/' 



M x (y) 



Z2Z3 


1-X3 


1 — X4 








3 - 1 


xi — X1X3 





1 — £4 





- X2 


X1X2 - 1 








1 — Xi 








Xl — 1 


X2 — 1 


X3 - 1. 


-2/2 


-2/3 


-2/4 







2/1 + 2/3 


-2/3 





-2/4 




-J/2 


2/1 + 2/2 





-2/4 










271 


2/2 2/3 . 





The combinatorial types % of the (multi)-arrangements Ai shown in Figure ^ 
are codimension one degenerations of 7", corresponding to irreducible components 
of the divisor D(T) = B(T) \ B(T). For these degenerations, we have 

Dep(7i,T) = {345}, Dep(T 2 ,T) = {12, 124, 125}, Dep(T 3 ,T) = {124, 134, 234}. 

The corresponding endomorphisms Cj{%^T) of the Aomoto complex Aji(Q) of a 
general position arrangement of four lines are given by 

w(Ti,T) = 0)345, Q(T 2 ,T) = L0 12 +d>!24 + ^125, &(3ij,T) = WX24 + &134 +W 2 34- 

Let p : A'(Q) — > A'(T) be the natural projection, given in the nbc bases by 



P(aj) 



Ol,2 



if J = {2, 3}, 
otherwise. 



By Theorem 16.11 the chain endomorphisms u>(Tj,T) of A'(Q) induce chain endo- 
morphisms lo(Tj,T) of A*(7~). A calculation with the projection p reveals that 
these are given by a; 1 (7}, T) = d/ 1 (7^-, T) for each j, and 



^ 2 (7i,T) 

















-2/4 

2/3 

2/3 

-2/1 - 2/2. 



2/1 



+ 2/2 











0" 


2/2 




















2/2 


-2/2 











-2/1 


2/1 























2/4 





-2/4 


2/4 





^ 2 (T 3 ,T) = 





2/4 


-2/4 





2/4 


-2/2 


-2/3 


2/2 + 2/3 


-2/2 


-2/3 




2/1 + 2/3 


-2/3 


-2/1 


2/1 + 2/3 


-2/3 




. -2/2 


2/1 + 2/2 


-2/1 


—2/2 


2/1 + 2/2. 
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8.1. Nonresonant weights. For T-nonresonant weights, local system cohomology 
is isomorphic to the cohomology of the Orlik-Solomon complex. So it suffices to 
find combinatorial Gauss-Manin connection matrices in this instance. 

Weights A are T-nonresonant if Ai, A2, A3, A4, A{ 12 .3}, — Am ^ Z>o, where Xj = 
J2j£j f° r a set J- The /3nbc basis for H 2 {A'{T), a\) is {^2,4, ^3,4}, where 



Vi,j = \A,aij, and the projection p 2 : A 2 {T) -» H 2 {A m {T), a\) is given by 



p 2 {a 



1,3 1 



(A{l, 2 }f?2,4 + A 2 ?73 i 4)/(AiA2A { i i 2 : 3}) if = {1,2}, 

(A 3 f?2,4 + A {M} 773,4)/(AlA3A{ 1)2 ,3}) if {hj} = {1,3}, 
-(^2,4+??3,4)/( A l A 4) if = {1,4}, 

Vij/iXiXj) if {i,j}= {2,4} or {3,4}. 

By Theorem 17.11 connection matrices corresponding to the codimension one 
degenerations Tj of T satisfy p 2 o oj^ {Tj , T) — fi 2 . {Tj , T) o p 2 . Calculations with the 
endomorphisms lo\ {Tj , T) = ui 2 {Tj . T) I 



n 2 {T u T) 



A 2 

A{1,2} 



. and the projection p yield 
A 



Hl.2} 





A 2 




ng(r 3> r) 



[4] 




compare ^3 Ex. 10.4.2] and [7J Ex. 8.2]. Similar calculations recover the remaining 
connection matrices recorded in |181 Ex. 10.4.2]. 

8.2. Resonant weights. A nontrivial resonant local system C on M corresponds 
to a point 1 / t e (C*) 4 satisfying txt^t-j, = 1 and t± = 1. For each such t, we have 



H 2 {M;C) 


~C 3 . 


Define S 


A 5 -> A 3 and T : i? 5 -> 


R 3 by 








'x 1 x 2 — 


1 


+ X4 — 2 




yi + 2/2 





2/1 + 2/2 + 2/4 




X2 — 1 





X' 2 - 1 




2/2 





2/2 







X 2 — 1 





and T = 





2/2 










1 — IEl 


X3 - 1 







-2/1 


2/3 










1 — 2:2 










-2/2 



Note that T is the linearization of S. Since £ is nontrivial, ti =/= I for some i. 
Assume, without loss, that t 2 ^ 1. For each t satisfying t^tz = 1, = 1, and 
this condition, check that rankS(t) = 3 and S(t) o A 1 (t) = 0. So the projection 
C 5 ~ K 2 -» H 2 {M;C) ~ C 3 may be realized as the evaluation 4> 2 = H(t). 

Via the map T, the endomorphisms uj{Tj,T) induce maps Qj : R 3 — > R 3 , which 
satisfy T o uj 2 {Tj, T) = flj o T. Writing yj ~ Uj, these maps have matrices 



Let A be a collection of weights corresponding to t. Note that A2 ^ Z since t 2 ^ 1. 
Hence, T(A) : C 5 -» C 3 is surjective for all such A. Identify iJ 2 (M; C) = C 3 and let 



"0 





2/(1,2,4} 


, «2 = 


~V{1,2} 





2/(1,2,4} 


, «3 = 


2/4 


-2/4 


-2/[4] 








-2/3 





2/{l,2} 


-2/3 


-2/[3] 




-2/[4] 








-^{1,2}. 





















f[4] - 



r : A — * AT be an isomorphism for which 



= T(A). Theorem 17 . 1 1 implies 



that a Gauss-Manin connection matrix £l 2 c {Tj,T) in H 2 {M;C) corresponding to 
the degeneration Tj of T satisfies T(A) • uj q x (T',T) = VL q c {T^T) ■ T(A). Since the 
equality T o uj 2 {Tj,T) = flj o T holds in the Aomoto complex, the specialization 
y h> A yields connection matrices Q 2 C {Tj , T) = ilj (A) . 

The endomorphisms fl^{Tj,T) may be determined by similar methods. As 
noted in [Hj, the endomorphism n l c {T2,T) corresponds to the automorphism of 
H 1 {M;C) ~ C given by multiplication by ii^, so has matrix [A{x,2}]- (Note that 
A{i,2} S Z if 1 1^2 = 1-) The endomorphisms ^l\{Ti,T) and Vt^T^^T) are trivial. 
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Connection matrices tt q c (T' , T) corresponding to other codimension one degen- 
erations of T may be obtained by analogous calculations. Note however that the 
projection T(A) : A 2 — + H 2 (M;C) need not be relevant for all degenerations. 
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